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@ The Problem
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Recall/Notation/Conventions

Let G be a (finite) group, N < Perm(G).
@ We say N is G-stable if it is normalized by \(G).

@ Associated to a regular, G-stable subgroup N < Perm(G) is a
(skew left) brace (N, -, o): two groups satisfying the brace relation

ao(b‘c):(aob)'aill '(aOC)7 aab7C€N7a'ai1 :1N

We will frequently suppress the dot.
@ Regular subgroups account for all finite braces.

@ Every brace (N, -, o) gives a (non-degenerate set-theoretic)
solution to the Yang-Baxter equation, i.e., a map
R:Nx N — N x N such that

Ri2R23R12 = Ro3R12R23

where Rj: N x N x N — N x N x N applies R to the " and /"
component.
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Stordy’s Senior Thesis describes a solution to the YBE based on a
fixed point free abelian endomorphism ¢ of G.

Specifically, given ¢ : G — G the solution obtained is

Rlg.h) = (v(g~ ")), w(hg)h w(g)gu(g " hu(gh™)) .

Can this be shown without using regular subgroups and braces?
Can we verify it by direct computation?
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Yes, eventually.

Figure: It’s a little tedious
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R = (¥(g~")hu(g), v(hg ") h"v(9)gw(g")hi(gh™))

The key to showing that R is a solution is the following observation:

If v : G — G is abelian, then for all g, h € G we have

b(W(g " )mp(g)) = (h).

This is not a surprise, but what is a surprise is:

The proof never uses that v is fixed point free. J
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Regular subgroups account for all solutions

N < Perm(G) regular, G-stable
4 surjection
Left Skew Braces
o bijection
Solutions to YBE

But if you drop “fixed point free”, the subgroup
Ny ={A(9)r(1(9)) : 9 € G}
is irregular: if v(g) = g then AX(9)p(v(9))[1g] = 16-

How are we getting solutions to the YBE which don’t come from
regular G-stable subgroups? J
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e The Solution
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Defining a brace

Perspective and notation change. The abelian endomorphisms will
often be on a group which we denote N instead of G.

Definition

An endomorphism ¢ : N — N is said to be abelian if /(N) is abelian.

Equivalently, ¢)(ab) = ¢ (ba) for all a, b € N.

Proposition

Lety : N — N be abelian. Define a binary operation o on N via
aob=ay(a )by(a), a,bec N.

Then (N, -,0) is a brace, where - is the usual operation on N.
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aob=ayp(aby(a)

We need to show (N, o) is a group and that the brace relation holds.

Clearly ao 1y = 15 0 @ = a. For associative:

(aob)oc=(ap(a ")by(a)oc
= (ay(a by(a))i(v(a b Tu(a)a ey(av(a )by(a))
= (ay(a )by(a))i(b 'a )cy(ab) (1 abelian)
= ap(a )by(b ey (b)y(a) (1 abelian)
= ayp(a ') (boc)y(a)
=ao(boc).
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aob=ayp(aby(a)

Let x = ¢(a)a "y(a ). Claim x = a.

aox =ap(a (y(@a yp(a))(a) =1y
xoa=(y(a)a (a"))(v(a)av(a ))ap(v(a)a '@ "))
=y(a)a "Y(a ) (a)ap(a ) (1 abelian)

=1\,
So (N, o) is a group; and
(aob)a'(aoc)=ayp(a by(a)a 'ap(a)cy(a)

= ap(a")bey(a)
= ao (bc),

hence (N, -, o) is a brace.
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In summary

Lety : N — N be an abelian map.

Then (N, -, o) is a brace, where
a-b=ab
aob=ayp(a')by(a).

This allows for a very easy way to construct (some) braces.

If ¢ is fixed point free then (N, o) = (N, ).
If 4» has fixed points then (N, o) may not be isomorphic to (N, -).
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A question of uniqueness

Do different choices of abelian maps v give different braces?

Not necessarily.

For example, if ¢»(N) < Z(N) (center of N) then for all a, b, € N:
aob=ayp(a')by(a) = ab

and we get the trivial brace (N, -, ).
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Adapting Lindsay’s Result |

Suppose 11, 1» are abelian maps on N which give the same brace.
Then

api(a )bipi(a) = aye(a ')bye(a), a,be N.
For each a, let z; = yo(a)y1(a™"). Then yo(a) = zx1(a) and

pr(a )by (a) = ¢r(a )2y bz (a)

forall b e N, hence z; € Z(N) for all a.
Note that a — z5 is @ homomorphism since

Zap = Yo(a@b)py (b~ @) = ya(a)(wa(b)vr (b ))wr(a")
= yp(@)zpyr(a ') = vo(a)i(a ) zp = Zazp.

This homomorphism is clearly abelian.
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Adapting Lindsay’s Result ||

Conversely, let 11, 1o be abelian maps on N such that ¥»(a) = za101(a)
forall a € N, where z; € Z(N).

Denoting the corresponding circle operations by oy and oo,
aop b= as(a ")byp(a) = ays(a ')z bzays(a)
= ays(a )by (a)

=aoq b

Letting ((a) = z, gives:

Proposition

Two abelian maps 11, 1» give the same brace if and only if
vo(a) = ¢(a)y1(a) for some homomorphism ¢ : N — Z(N).
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Brace to regular subgroup?

With ¢ as above, (N, -, o) is a brace.

We can realize (N, -) as a subgroup of Perm(N, o) via

alb] = a- b.

If (N, o) is isomorphic to some abstract group G, say ¢ : (N,o) — G,
then we can view N < Perm(G) via

alg] = ¢(a- ¢~ (g)).

This construction is one pullback of the map

{N < Perm(G) Regular, G-stable} = {(B,-,0) : (B,:) = N, (B,o) = G}.
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e Brace classes

Alan Koch (Agnes Scott College) 17/53



The proposition, and the problem

Proposition (The proposition)

Let ¢ be an abelian map on (N, -), and let (N, o) be as defined above.
Suppose ¢ : (N, o) — G is an isomorphism.
Then there is a regular, G-stable subgroup Ny, 4 = {na: a € N} of
Perm(G) given by

nalg] = ¢(a- ¢7'(9))-

Furthermore, Ny 4 = (N, -).

v

Problem
The exact regular subgroup depends on the chosen isomorphism ¢.

Turns out we get a different, but related, subgroup in general when we
use a different isomorphism (N, o) — G.
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Brace equivalence

Definition

Let G be a finite group, and let Ny, N» be regular, G-stable subgroups
of Perm(G). We say N; and N, are brace equivalent if their
corresponding braces are isomorphic.

An equivalence class of regular subgroups is called a brace class.

It is known that the brace class containing N is

{cp_1Ncp cp € Aut(G)}.

Alan Koch (Agnes Scott College) 19/53



Varying ¢

If 1,92 : (N,0) — G are isomorphisms then their corresponding
regular, G-stable subgroups Ny, N» are brace equivalent. (Clear.)

Conversely, if Ny, given by an abelian map ) and a chosen
isomorphism ¢4 : (N, o) — G, is brace equivalent to N», then
No = o~ "Ny for some ¢ € Aut(G).

For any 7, = ¢~ 'nap € N> we have

1al9] = ¢~ "napld]
= ¢ 'nale(9)]
= '¢1(a o7 (2(9)))
= (¢ "e1)(@ (¢ 01) 7' (9))

Let ¢po = o~ "¢1. Then ¢ : (N, 0) — G is an isomorphism and
o= d2(a- ¢, (9))-
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In summary

Given an abelian map v, the set of regular subgroups obtained forms
an entire brace class. J

Note: K.-Truman previously established this in the case v is fixed point
free and abelian.
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e Three Examples
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Recovering Lindsay

Suppose ¢ : G — G is fixed point free and abelian.
Then ¢ : (G,0) — (G, -) given by ¢(g) = gu(g~") is an isomorphism:
we have

é(g o h) = ¢(gv(g")Mm(g))
= (gu(g™mi(@)) w(w(g ) u(g)g™)
= gv(g~ " )p(g)(h™ *1)
= gi(g~ (")
= ¢(9)o(h),

and by fixed point freeness, ker ¢ is trivial.
Then (G, -) acts on itself via g[h] = ¢(g- ¢~ (h)), hence if h = ky(k~1),

glhl = é(gk) = gkw(k~'g™") = g(kw(k™)w(g™")
= ghu(g™") = X(@)p(¥(9))Ih]-
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A dihedral example

Let N =Dy = (r,s:r*=3s=rsrs=1).

Define 1 : Dy — Dy by o(r) =1, ¢(s) = s.

»(Dy4) = (S) s0 1) is abelian.

Since i(r') =1foralli, r'oa=r'aforall ac N. Also,
r'sor = r'sy(r's)ly(r's) = r'ssris = r'tls

r'sorls =r'sy(r's)Psiy(r's) = r'ssriss = r',

In general, risk o rist = ritisktt and (N, o) = C4 x Co.
)

Explicitly, ¢ : (N,0) — C4 x Co = (x,y), o(r) = x, ¢(s) =y is an
isomorphism.
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risk o rigt — pitigh+t

Let us realize N as a subgroup of Perm(Cy4 x Cy) using ¢.
Write r°™M =ro---or.
——r

m times

melxT=a(rg™" (x) = o(r - 1) = $(r'™") = o(rCH) = X
nrX'Y] = ¢(ré™" (X'y)) = o(r - r's) = ¢(r'"'s) = o(r'*D 0 5) = xHy.

So 7, = A(x), and

nslx'l = (s 1) = ¢(r's) = ¢(r""N o 5) = x7Ty
nslx'y] = ¢(s - (r's)) = ¢(r™) = (r°C)) = x~.
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Another dihedral example: N = (r,s) = D,

Define ¢ : N — N by ¢(r) = rs,1(s) = 1. v(N) = (rs).
Note (consider cases based on parity of i):
rlor =r(rs)r(rs) =1
r'sor's=r's(rs)'r's(rs) = 1.

So every nontrivial element of (N, o) has order 2.

(N,0) = Gy x Co x Co. J

Further details are left to the audience.
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e It Gets Weirder
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1 is @ homomorphism

Let ¢ be an abelian map on N, and define (N, o) as above.
Then, forall a,b € N,

(@) o 9(b)

(@) (p(a))w(b)yp(v(a))
v (ay(a)bip(a))
W(aob)

So 1 is an endomorphism of (N, o). Furthermore,

(@) o v(b) = v(aob) = (a(a ')by(a)) = v(ab) = v(a)¥(b)
shows that:
@ ¢ : (N,-) — (N,-)is an endomorphism
@ ¢ : (N,-) = (N, o) is a homomorphism
@ ¢ : (N,0) — (N,-) is a homomorphism
@ ¢ : (N,0) — (N, o) is an endomorphism.
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Consequence |

Given the “symmetric interplay” created by «, could (N, -, o) be a
bi-skew brace?

Recall Lindsay’s construction (with my notation):

Definition

Atriple (B, -, o) is a bi-skew brace if both (B, -,0) and (B, o, -) are
braces.

Thus, (B, -, o) is a bi-skew brace if (B, -) and (B, o) are groups and

ao(bc) = (aob)a'(aocc)
a(boc)=(ab)oao(ac)

hold for all a, b, ¢ € B.
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a(boc)=(ab)oao(ac)

Let’s see if the second brace relation holds.
Recall 2 = y(a)a 'y(a™).

= aby(b™")cy(b).

Proposition

An abelian map ¢ : N — N gives rise to a bi-skew brace.
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Consequences of Consequence |

10 Minutes ago

An abelian map ) on N gives a regular, G-stable subgroup of Perm(G)
for some G isomorphic to (N, o).

Interesting, but a little backward if you are trying to find Hopf-Galois
structures on L/K with Gal(L/K) = G.

An abelian map  on G gives a regular, G-stable subgroup
N < Perm(G) with N = (G, o).

1 on G = brace (G, -,0) = brace (G, o, -).
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Y :G— Ggives N

This can be made quite explicit, and proven directly.
Given ¢, let N = {ny : g € G} < Perm(G), where

nglhl = gv(9~ ") (g).
(So ng = A(g)C(v(g™ ")), C conjugation.)

N is regular. If ng[h] = hthen gy (g~—1)hy(g) = h.
Taking ) of both sides:

b(gh) = 4(h)

S0 g € ker ), hence

h=gy(9~"M(g) = gh

whence g = 1.
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nglh] = gv(g ") (g)
N is G-stable. Claim *1jg = g, g-1)k-14(g)> K € G.

“nglhl = knglk ' h] = kgy(g~ ")k~ (g)
Mkgu(a- k1w = (kg (g™ k™ 14(9)) (g~ mp(g),

which are clearly equal, giving:

Lety : G — G be abelian. Then

N={\g)C(¥(g™")): g€ G}

is a regular, G-stable subgroup of G.
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Old example

Lety : G — G be abelian. Then

N={Xg)C(¥(g7"): g€ G}

is a regular, G-stable subgroup of G.

Let G = D4 = (r,s), %(r) =1, ¥(s) = s.
Then

ANC(u(r))gl = rg
A(S)C(y(s7")) = ssgs = gs

The regular subgroup is (A(r), p(8)) = C4 x Co.
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Consequence Il: another brace

Also, since 1 is abelian on (N, -) we have

P(ao b) = 1p(ab) = y(ba) = (bo a)

and ¢ is abelian on (N, o).

We can apply the construction above on the abelian map on (N, o) and
obtain a new (bi-skew) brace! J

The new brace is (N, o, x) with
axb=aoy(a)obop(a)
" ag(a (@ (@) (be(a)(w(@v(v(a ).

Alan Koch (Agnes Scott College) 35/53



Fixed point free case

Example
If v : G — G is fixed point free abelian, let ¢ : G — G be given by
#(9) = gv(g™).

¢(g o h) = p(gv(g~)Mmb(9)) = (gv(9~ () (v (g~ )h (g)g™))

= ge(g hu(h™") = ¢(g)e(h)

¢(g h) = ¢(g) o o(h) (similarly)

So ¢ : (G,0,%x) = (G, -,0) is a bijective morphism of braces.

Thus (G, -,0) = (G, o, x) as braces, and the corresponding embedding

into Perm(G) is the same.
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A disappointing example

Returnto N = (r,s) = Dy, (r) =1,¢(s) = s.

Then (N, o) = C4 x Cy, and (N, o, %) is a brace with
axb=ao(a)oboy(a)=aobh

since (N, o) is abelian.

Thus, (N, o, «) is the trivial brace (N, o, o).
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Can we do this construction again?

Sure, if you want.

Define
aob=ax(a)*bxy(a).

Then (N, *,¢) is a brace.

We can do this until we run out of IATEX binary (and unary) operation
symbols.

But if we get the trivial brace at any point, we will get the trivial brace
on every subsequent construction.

This seems to happen a lot.
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Brace chains

Generally, if v : N — N is abelian we get a chain of bi-skew braces
(N, 0g,01),(N,01,02),(N,o02,03),...
where aogb=a-b= axyband
aopyt b=ao,v(a=")by(a).
Let us denote the chain by
(N, 0g,01,...)

and define G; to be the abstract group (N, o;) and form the
corresponding group chain (N = Gy, Gy, Ga, .. .).

(Notation suggestions are most welcome.)

The number of distinct braces in a brace chain is necessarily finite.
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Two familiar examples

Example (Fixed point free, revisited)

If v : G — G is fixed point free then the chain consists of only
(G,-,01,02...)with (G,0p_1,05) = (G, -, 0).
The corresponding group chain is

(G,G.G,...).

Example (Dihedral, revisited)

Let N = Dy, ¢(r's/) = s/ as before. We get (N, -,0,0,...)
corresponding to the group chain

(D4, C4 X Cg, C4 X Cg, C4 X Cg,...).
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Even more braces

Suppose we have a brace chain (N, -,0,+). Then (ax b)a '(axc¢) is

ap(a " )PyP(a)by(a)y?(a a (a2 eP(a)ey(a)®y?(a ")
= ay(a )PP (a)by(a)®yP(a w(a )PP (a)ey(a)yi(a)
= ay(a ")?yP(a)bey(a)®yP(a ")

= ax (bc)

and the brace condition is satisfied for (N, -, x).

More elegantly, if W : N — N is given by W(a) = y(a—2)y?(a~') then ¥
is an abelian endomorphism, and ax b = a¥(a~')bw(a).

Generally, (N, o,_2,0p) is also a bi-skew brace.
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@ Open Questions
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Predicting the group

Return to our original construction: ¢ : N — N abelian gives a brace
(N7 ) O)'

Is there any way to predict the group type of (N, 0)?
In particular, for which ¢ is (N, o) = (N, -)?

That ¢ be fixed point free is sufficient, but not necessary.

As far as | know.
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@ Forallae N, & = (ay(a~'))"a". Thus,
|alo < lem(lay(a )], |al.).

So, e.g., no group chain starting with a non-cyclic p-group will ever
include a cyclic p-group.

@ Kp := ker is a normal subgroup of (N, o) (as well as (N, -)).
So, e.g., a group chain containing As will contain no other groups.

@ Ky :={ae N:y(a) = a}is a subgroup of both (N,-) and (N, o).
Note (Ko, -, o) and (Kj, -, o) are sub-braces of (N, -, o).
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Some more fact

Ko =keryp, Ky ={ae N:y(a) = a}.
@ KpKj is a subgroup of both (N, -) and (N, o). In fact,

(Kokt) o (Lol1) = (Kolo)(1k1), ko, o € Ko, ki1 € Ki

O(KOK1,0)%'Ko>< K1.

Let ¢ : Dy — D4 be given by ¢(r) = 1,4(s) = s. Then Ky = (r) and
Ki = (s), so

(N, 0) = (KoKi,0) = C4 x Cy,

as we have seen.

In his 2019 bi-skew brace paper, Lindsay constructs a family of bi-skew
braces in the case G is a product of complementary subgroups. That
is the case here if |KpKi| = G
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A deeper dive into Dy

Ko = kery, K1 ={ae€ Dy : y(a) = a}.

What are the possible groups in a group chain starting with D,? \

@ If Kj is trivial then v is fixed point free abelian, so the group
obtained is Ds. Assume K; # 1p,.

@ Ky<aDy = Ky = (r?) or |Ky| = 4.

@ If Ky = (r) then |KoKi| =8 and (N, o) = C4 x Co.

@ If Ky = Cs x Gy then Ky = Cp, 50 (N,0) = Co x Co x Co.

@ If |Kp| = |Ki| = 2 then (N, o) has a subgroup isomorphic to
Cg X Cg.

A group chain starting with D, can only contain D, and at most one of
C4XCZ,CQXCQXCQ. }

In particular, it is impossible to get Cg or Qs.
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Another example
What are the possible groups in a group chain starting with S,, n > 57 \

@ Ky = S, (giving the trivial brace) or Ky = Ap.

@ Assuming Ky = Ap:
o If Kj is trivial, then we have a fixed point free map and (S;,0) = S,,.
o If Ky is not trivial, K1 = C, and (Sp, 0) = A, x Co.

An example of the latter situation is

1 o€ A,
o) = {(12) o ¢ An
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If (N,o0p,01,...,0p5) is achain, is (N, on,o,) a brace for all m < n?

Clearly, it suffices to show that (N, -, o) is a brace.

We do know (N, om, 001, ) is @ brace for all i € Z=0. (Follows from
(N, -, %) being a brace.)

Alan Koch (Agnes Scott College) 48/53



What about opposites?

Recall that any brace has an opposite brace.

Here, one formulation of the opposite is (N, -, o’) with

ad b=1y(a)by(a a

So we really get two braces, hence two chains.

Are brace chains compatible with opposites? l
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Isomorphism problems

Recall that if L/K is Galois, group G, and ¢ : G — G is fixed point free
abelian then H = L[N]€ is isomorphic as a K-Hopf algebra to Hy, the
Hopf algebra which gives the canonical nonclassical Hopf-Galois
structure on L/K.

This obviously doesn’t extend to ) : N — N abelian if N 2 G.

However, we can ask:

Are the Hopf algebras corresponding to two different regular, G-stable
subgroups of Perm(G), G = (N, o) isomorphic as Hopf algebras?
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How does it end?

If (N, oq,01,...)is achain, does it stabilize, cycle, eventually cycle or
none of these?

Stabilize: (N,0,_1,05) = (N, op, 0ny 1) for sufficiently large n.
Cycle: There exists a k > 0 such that (N, o,_1.0n) = (N, on_14k, °nik)
for all n.

Cycle eventually: There exists a k > 0 such that

(N,0n_1.0n) = (N,on_11k, onsk) for all n sufficiently large.

None of these: None of those.

All of our examples have stabilized.

“Cycle (eventually)” seems very unlikely (excluding k = 1).

“None of these” seems impossible given the finite number of braces of
any given order.
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Interesting examples are needed

To date, | have no example of:

@ abrace chain (N, -, 0, ) with (N, %) 2 (N, o).
@ abrace (N, -,0) with (N, o) = (N, -) which could not have come
from a fixed point free abelian map.
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Thank you.
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